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SUFFICIENT CONDITIONS IN THE CALCULUS OF VARIATIONS. 

BY W. F. OSGOOD. 

AT the time that Weierstrass began his investigations in the Calculus of 
Variations, the principal necessary conditions had already been obtained. La- 
grange had established the differential equation which the solution of the prob- 
lem must satisfy and Jacobi had determined limitations to the extent of the 
region over which the integral may be extended. But the question of whether 
the function thus determined and restricted actually makes the integral a max- 
imum or minimum, and thus yields a solution of the problem, had received 
no adequate treatment. It was at this point that Weierstrass took up the the- 
ory, and he continued its development by supplying sufficient conditions, the 
establishment of which he based on rigorous analysis. The object of this 
paper is to give an account of Weierstrass's work. Only the simplest case is 
considered, and the representation of x and y by means of a parameter t is not 
introduced. This is desirable, since the gist of Weierstrass's ideas is thus 
most clearly set fortlh. Recently Professor Hilbert has simplified the proof of 
Weierstrass's sufficient conditions, and this proof is also given here. 

No previous knowledge of the Calculus of Variations is presupposed. 
It is regretted that space does iot permit a more extensive application of the 
theory to examples. The reader will find it helpful to apply the principles here 
treated to the classic problems of this branch of mathematics. * 

1. Preliminary Notions and Definitions. The simplest problem 
of the Calculus of Variations is the following. To determine a function y of 
the independent variable x which shall make the integral 

I = F(x, y, y')dx 

a maximum or a minimum. Here the function F(x, y, p), together with its 

* Cf. for example Todhunter's Integral Calculus, Chap. 15, or, of the older treatises, Jellett, 
Calculus of Variations; Lindelof-Moigno, Calcul des variations; Cail, Calculus of Variations. 
A systematic treatment of the Calculus of Variations from the modern standpoint, illustrated 
by numerous applications of the theory to classic problems, has just appeared from the pen of 
Kneser: Lehrbuch der Variationsrechnung, Braunschweig, 1900. This is a work of high scien- 
tific merit; in point of style, however, it is not all that could be desired, and it is hoped that the 
present article may make the study of this important treatise easier for those who have not as 
yet occupied themselves with this field of modern mathematics. Chap. 3 of Kneser's work con- 
tains examples that may well be studied In connection with this article, and Chaps. 4 and 5 
form an immediate continuation of this article. 

(105) 
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partial derivatives of the first and second orders, is a single valued, continuouis 
function of (x, y, p), regarded as independent variables, throughout a region 

B: Al<x<B1, A2<y<B2, A3<p<B3, 

where A1 o x0 < x$ _ B1. and some or all of the quantities Al, B1,. . . B3 may 
be infinite. The limits xo, x1 of the integral, for the present, are fixed and the 
values of the function yo, Yj for these values of x are also constant. 

Conditions A. The functions y(x) here admitted to consideration shall 
satisfy the following conditions which will be referred to in what follows as 
Conditions A. 

(1) y(x) is a single valued continuous function of x in the interval 
so x $ S: $1; 

(2) y(x) has a derivative y' at each point of the interval x0 < x < xl, 
and y'(x) is a finite and continuous function of x in this interval; 

(3) Y(X0) = Yo' Y(X1) = y/9 where yo, Yi are constants for the 
problem; 

(4) the point (x, y, y') lies in the region B. 
We shall confine ourselves to the case that the integral I is to be made a 

minimum. No essential restriction is thereby introduced, since the necessary 
and sufficient condition that 1 be a maximum is that -I be a minimum. 

Definition of Stt:ong and Weak Variations. Let y(x) be any function 
of x satisfying Conditions A. Consider a strip S about the curve y, bounded 

by the curves y=y(x)+e, y=y(x) -e, 

1/ and by the right lines x = x0, x = x1; e denot- 
ing an arbitrarily small positive constant. Let 

I j X, Y(x) be a second function of x also satisfying 
V ., Conditions A and let the curve y= Y(x) lie 

0o-X wholly in the strip S. Set 
Fig.i. Y(X) = y(x) + 8(X). 

The function q(x) thus defined is called the variation of y and was formerly 
denoted by By; the curve y = Y(x) is called the varied curve. n7(x) satisfies 
nos. (1) and (2) of Conditions A, and 71(xo) = (x1) = 0. Moreover, 

I'll (x) I < 6, XO z - X 

where In(x) I denotes the absolute (or numerical) value of 71(x). It does 
not follow, however, that -q'(x) is numerically small, too, at all points of the 
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interval. To the special class of variations for which this is the case, - more 
precisely, for which 

jn'(x) I < e, xo < x < xl, 
the name weak variations is applied (Fig. 2); the general variations (which 
include the above) being termed strong variations (Fig. 3). 

1Y. 

0 Z~~~~ s _ I 
X 0 so X, z 

Fig.2. Fg3. 

By the neighborhood of the curve y = y(x) is meant the interior of the 
strip S together with the extremities of the curve. t 

Definition of a Minimum. The function y(x) is said to make the inte- 
gral I a minimum if the value of the integral formed for any varied curve 
Y(x) = y(x) + q(x) has a larger value than when formed for y(x). Writing 

Al = j F(x Y, Y')dx jF(xo y, y') dx, 

we see that the necessary and sufficient condition for a minimum is that Al> 0 
for all functions Y(x) different from y. The minimum is called a strong or a 
weak minimum according as strong or only weak variations are admitted. 

Necessary Conditions for a Minimum. Lagrange's Equation. A first 
necessary condition for a minimum may be obtained as follows. Let y(x) be a 
function of x satisfying Conditions A and making the integral I a minimum, 
and let n(x) be any variation of y not identically 0. The function an, where 
a is a parameter independent of x and - 1 ; a ; 1, is then also a variation. 
Consider the following function of a: 

Al=f(a) = )F(x, y+an, y'+an') - F(x, y, y') dx. 

* There is still another class of variations, those denoted by Kneser as starke Variationen, 
which from one point of view is more general than the above; from another point of view this 
is not the case. 

t In the case that only weak variations are admitted to consideration -a case that will 
not concern us in this paper -the definition must be so modified that only such points of 4' 
(near the extremities) will be Included as can be reached by the varied curves admitted to con- 
sideration. 



108 OSGOOD. 

It is a single valued, continuous function of a having a derivative at all points 
of the interval - 1 _ a ? 1, and' 

f (a) = )7iF^,(xy+ai, y'+ an') + n'Fy.(x, y+an , y'+ara') ( dx, 
ap 

where F. = h-, etc. Furthermore, f(a) > 0 when a # 0, since AI is then 

positive, and f (0) = 0. Hence f (a) has its minimum value when a = 0 
and f'(0) = 0. We are thus led to the theorem: A necessary condition for 
a minimum is that f (nF, + 'Fy,.)dx = 0 (1) 

for all variations -v. 
The integral standing on the left hand side of (1) is called the first vari- 

ation of I and is denoted by 81. 
From this condition it follows that at any point of the curve y at which 

a-y12 
= FV,.V(Xg Y. y') X 0 

the function y admits a second derivative and that y satisfies Lagrange's 
Equation :t 

i~dFv~ Fat dy = ? 

or ,,i b-F.,,-y'Fy2 . 3 (2) 

Definition of an Extremal. Any function y of x (or curve representing 
such a function) which, at all interior points of an interval (x', x") through- 
out which it is considered satisfies Lagrange's equation (2) is called an extre- 
mal. t The sets of values (x, y, y') thus arising must of course be points of 
R. in this paper we shall restrict ourselves to the case that FY ..(x, yp) 
does not vanish in R. This case includes nearly or quite all of the problems 
that have arisen in practice. 

* For a rigorous proof thatf(x) has a derivative and that the derivative is given by differ- 
entiating under the sign of integration, cf. for example Picard, Traith d'Analyse, vol. 1, p. 29. 

t For a proof of these theorems of. Mr. Whittemore's paper, this number of the ASNALS 
I Kneser, Lehrbuch der Variationsrechnung, p. 24. 
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Example. The theory set forth in this paper is well illustrated by the 
following problem. 

To connect two points (xo, yo) and (x1, yj), of the upper half-plane (i. e. 
points for which YO > 0, yj > 0) by a curve such that the integral 

I=f V1y" dx, 
xY 

taken along this curve shall be made a minimum. t 

FICA~~~I 

Fig.4. 
Here 

F =;, 
~~~F".= -Y~ ~-' VV= 

v~ys 

Since F does not contain x explicitly, a first integral of Lagrnge's equation 
(2) is given by the formulal 

F -y'F, = b 1 (const.) 

* This example is continued in ?? 2, 8. 
t A physical interpretation of this integral may be given as follows. The upper half-plane 

being conceived as a medium in which the resistance opposed to the motion of a particle is 
measured by 1/y, the integral represents the work done against the resistance in moving a par- 
ticle from the point (zo, yo) to the point (xi, yv); and the problem is to determine the path along 
which the work will be a minimum. 

This integral presents itself in the non-euclidean geometry in which the Euclidean measure- 
ment of angles is preserved, while the lengths of curves are defined by the integral ill question; 
the straight lines being, then, the extremals presently to be obtained. This is one of the non- 
euclidean geometries that plays a role in the uniformizing of the algebraic functions by means 
of the automorphic functions according to the method of the Linienelement. Of. Klein, Lineare 
Differentialgleichungen, Gottingen, 1894, p. 515, and his lectures on Automorphic Functions, 
summer of 1899; the latter lectures were not lithographed. 

$ The truth of this theorem is immediately obvious, since in this case 

d (F- y'Fyv) y'(F d- 
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or = =y' - _ 
l 

Y yV 1 +Yr 

YV1+Y yV1+y = - 

y \1?+y'2-=b y'2 62 y 

ydy = 

_ _ _ - d x 
(X a)2 +y2 =b2. 

Hence the extremals are the totality of semicircles that can be drawn in 
the upper half-plane with their centres on the axis of x. The extremals that 
go through the point (xo, yo) are those for which a and b are connected by the 
relation 

(xo-ao)2+y2 =b2 

and they are given by the equation: 

y = V/ .2 + 2ao(x - x) - X2, (3) 

where r2 = 42 + ye, the distance of (xo, yo) from the origin. y will go through 
the second point (xl, yl) when' 

2(xi - x0) 

Variable Limits of Integration. In the foregoing we have required that the extremities 
(xa, yo), (Xi, yi) of the curve y for which the integral I is formed be fixed points. If these 

points be allowed to vary, further necessary con- 
ditions for a minimum present themselves. Sup- 
pose, for example, that the points are required to 
lie respectively on two continuous curves r0, r1 

V1 . R _/having tangents that turn continuously. The 
functions y for which I is to be formed are still 
subject to Conditions A with the modification that 
the points (xo, yo), (xi, yi) are now any points of 

VO________________________ ', x ro, r'. It may be desirable to demand that the 
ThO wx0 xi curve y meet the curves ro, ri only at its extrem- 

Fig. 5. ities. The strip S about a given curve y we may 
define with Kneser as the part of the x, y plane 

swept out by a small circular disc of constant radius p when its centre describes the curve y, 
or as the part of such a strip lying between the curves r1, ri (Fig. 5). The variation of y, v(x), 

* The case that xl = xv is here excluded. It may be dealt with directly by taking y as the 
independent variable and its consideration is left to the reader. 
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is now defined as follows: Consider any varied curve, i. e. a curve Y(x) satisfying Conditions A 
and lying wholly in the strip S. Let its extremities be the points (X1t, y4), (x', y4). The interval 

XI I x _ is next transformed in a one-to-one manner and continuously on the interval 

O x xi, -most simply by the linear transformation 

__ - X' 
IX Z-X -,XI. 

The function Y(xl) thus goes over into a function of x for the interval Xo x _ xi. The vari- 

ation n(x) is defined by the equation 

Y(xI) = y W + a0x). 

To obtain the necessary conditions in this case, assume that y with the extremities (xof, yo), 

(xx, ye) makes the integral I a minimum and then vary y first by curves Y having the same ex- 
tremities. It is then shown as in the earlier case that y must satisfy Lagrange's equation. 

Assume this condition to be fulfilled. Consider a variable point (X4, y,l) of ro and denote 
the length of the arc of rF from (x;, yo) to (4, Y4l) by a. Let y - Y(x', a) be the equation of a 
one-parameter family of varied curves connecting (4t,, y4) with (xl, yl), the latter point being 
fixed, and let the function Y(x', a) satisfy the further conditions :* 

(1) Y(xz, a) is, together with its partial derivatives Yx = rt, Ya, YX P w = Y', a continu- 
ous function of (x', a) in the region - a -'a-a4 4 _ X _ X 

(2) Y(x', 0) = y(x). 
Form the function 

Al = f |(a F(x', Y, Y')dxl- J F(x, y, y')dx. 

This function has the same properties as the earlier function f(a), namely: it is positive when 
a # 0 and vanishes when a = 0, and it has a derivative. Hence it follows that J4(0) = 0. Com- 
pute the derivative. 

fl(a) )FyY.z + FyY8 ' t &I- F(x', Y, Y 1) Idx 
0~~~~~~~~~~0d 

This formula can be transformed by means of integration by parts as follows. Notice that 
Yl(xl, a) =0 for all values of a. 

I1 
xi 

xit dd .lY O-J l/~tH f~L1yy, YIdx' = 1~1'YJ. -~' ~~ 

0~~~~~~~~~~~~ 

* It is not difficult to make clear to oneself geometrically that these conditions can all be 
fulfilled. Kneser (1. c. p. 31) gives a simple means of forming an explicit expression for the 
function Y(x', a), but he does not show that this curve meets rP in only one point, (x4, yo). 
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fi (a) _ - @(xl Y, Y 1) Ya + F(x Y z ) dax _. 

=J 1 F(xl, Y- I'1) L dt FY (xl, Y ''') I Y rxi dx'd 
When a= 0, Y= y and the integrand in the last formula vanishes identically because of (2). 
Denote by wo the angle that the tangent to ro at (xo, ye) d awn in the direction of the increas- 
ing arc a makes with the axis of x. Then since 

dY(l1x~, a) d)( 
da = Y'(x' a)-0!5+ Ya(4~a) and dY~ la) da da da =0 dt Cos da a =0= sin| 

Ya(xo, 0) = sin >, - y,', cos ") 

The condition f(0) = 0 thus leads to the following result. A further necessary condition in the 
case of variable limits of integration is that 

[F(xo, y, y.) - yvF,,(x0, yo, yf)] cos wo + Fy.(xo. yo0 yO) sin w0 = 0. (4) 

A similar formula holds for the point (xi, yi) and is obtained by replacing the subscript 0 
by 1. These two formulas usually suffice to determine an extremal completely. 

When an extremal y is cut by a curve ro at such an angle that equation (4) is satisfied, y is 
said to be cut transversely by ro (Kneser). 

2. The Notion of a Field about the Extremal C. If there is to 
exist a function y which makes the integral I a minimum, then it must be 

possible, first of all, to join the points A and 
B (i. e. (xo, yo) and (XI, Y,)) by an extremal 

i/iB C. We will assume that this condition is ful- 
A filled. This will always be the case when 

, , Lagrange's equation (2), which is a differential 
-_I_1 z equation of the second order, admits in the 
0 Xo Fg.6. XI interval x0 _ x _ xl a solution g(x, a, b) de- 

pending in such a manner on two arbitrary 
constants (a, b that the equations 

Yo = g(x0, a, b), Yi = g(xl, a, b) 

can be solved for (1, b. 
Secondly, we assume that a one-parameter family of extremals, 

exists, one of which, y = fi(x, 'ye)' coincides with C, and which sweep out the 
neighborhood of C just once; and that furthermore the distance between two 
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neighboring extremals of this family, measured along a parallel to the y-axis, 
is an infinitesimal of the same order throughout the whole interval (x0, x1). 
More precisely, we assume*: 

(1) that a function O(x, y) exists which, together with itspartial deriv- 
atives 0x = ,', Oxy, MAY= O', is a continuous function of the two 
independent variables (x, .y) in the domain 

T: XO < x _xI, 70o- K- 7 _ 'o + X, 

where x is a suitably chosen positive constant; and that, for a con- 
stant value of Jy, cf(x, y) is an extremal, which for the specia value 
y = .fyo, coincides with C; 

(2) that .y (xX .yo) ? 0 when x0 _ x _ xI. 
From (1) and (2) it follows, as will presently be shown, that through 

each point of a properly chosen neighborhood S of C one and only one ex- 
tremal cf (x, 7) passes and that 4yz (x, y) does not vanish at any point of S. 
Hence the extremals +(x,.y) pertaining to T just fill, when /C is chosen suffi- 
ciently small, a two-dimensional region St in which the extremal U is imbed- 
ded. The picture of the cross-section of the 
strata of a geological formation is useful here, 
while in the case of two independent varia- 
blest (I being a double integral and the ex- A 
tremals f(x, y, y) a family of surfaces) the 
notion of the strata themselves serves to illus- o $ , 

trate well the relations in question. Fig.7. 

Proof. We will first give the proof, not 
for the neighborhood S of C, but for the neighborhood of an arbitrary point 
(x', y') of C. Since 0,(x,7y) is continuous and does not vanish at the point 
(x',/yO)) there exists a certain neighborhood I X - x<I', .7Iy-yo I < 
about this point, throughout which ,(x,y) 0 0. Furthermore the equation 

y = sybz(xey) 

* A broader definition of the field than this may he given; ef. the writer's paper: " On the 
Existence of a Minimum, etc.," Transactiona Amer. Math. Soc., vol. 2 (1901). 

t Cf. Schwarz, Ueber ein die Flachen kleinsten Inhalts betreifendes Problem der Variations- 
rechntung, Festschrift on the occasion of Weierstrass's 70th birthday, 1885, Werke, vol. 1, p. 
224, where the notion of the field, which is the foundation on which Weierstrass builds up his 
sufficient condition for a minimum, is set forth with admirable clearness. 

8 Vol. 2 
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can be solved for y as a function of the two independent variables (:, y), the do- 
main of these variables being the neighborhood I x-x'I < ht. I Y'I < h' 
of the point (x', y'). The proof follows at once from the fundamental exist- 
ence theorem regarding implicit functions,* which for the present case may be 
stated as follows. 

Let ?D(x, y, 'y) be a continuous function of the three independent vari- 
ables (x, y, y) throughout the neighborhood D of the point (x', y', vy) and let 

,D(X', Y', 'yo) = 0; 

let thefirst partial derivatives of 1 exist at each point of D and be continuous, 
and let 

b~y (XI) yI) 70) # 0; 

then for every point (x, y) of the neighborhood d of (x', y') the equation 
dI (XI Y, Y) = 0 

has one and only one root y that lies in the neighborhood of the point 7y = fyo, 
and thus defines ry as a single valued function of (x, y): 

7 = *(X, y). 
Thie function *(x, y) is continuous throughout d and has continuous first par- 
tial derivatives there, given by the usual formulas for the d~ifterentiation of 
implicitfunctions: 

4)x + yDe = ?, b (y + 4by any . 

In the present case we have merely to set 

?F(x, Y, 07) = +(x, 7) -y. 

Then cI,(x, y, y) = c,(x, 7y). Thus the equation y = +(x, 7y) has a singly 
determinate solution, 7y = +(x, y), and the proof is complete for the neigh- 
borhood I x- x' < It', I YY- YI < h', I Y-7go I< Kc' of the point 
(xTny', vo)n 

The quantities h', Kc' will in general vary for different points of the curve 

* This theorem and its proof were first given by Dini in his university lectures at Pisa, 
Analisi infinitesimale, 2 vols., 1877-78, lithographed, vol. 1. They were printed in Peano-Genoc- 
chi's Calcolo differenzialt e principii di calcolo integrale, Turin, 1884, ?110, and appeared later in 
Jordan's Cours d'Analyse, 2nd ed., vol. 1, 1893, ?91. 
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C; but if they are chosen suitably at each point (x', y'), the lower limit 
of each of them, as (x', y') describes C, will be a positive quantity, as can 
be shown at once by a well known method of reasoning in higher analysis. 
This completes the proof. 

Example. Consider the example of ? 1. The extremal C is a semicircle 
of radius bo with its centre on the axis of x at the point x = ao. A field can 
be formed about C in an unlimited number of ways. Thus we may take as 
the family of extremals the family of concentric semicircles and set 

cf(x, y) = V ty2-(x-ao)2, 0 < ry< , (5) 

Here, 
yo 

= bo. Or, again, let (xi, y!') be an arbitrary point of the extremal C 
extended into the region x < x0, so that ao - bo < x0 < x0, (Fig. 8). A field 
will be formed by the semicircles through (x4, yz) with their centres on the 
axis of x, and 

4(x, y) = r02+ 2ry(- x0) x2, -- < r < + o (6) 

where r'2 - 42 + y02. Here, yro = ao. 
3. Weierstrass's Sufficient Condition for a Minimum; the 

Function S. In order to establish the existence of a minimum, Weierstrass 
gives a direct proof that, when a field about C exists in the sense of ? 2 and cer- 
tain further conditions are fulfilled, the 
integral I, taken along the extremal C, 
has a smaller value, J, than the value J 
which it acquires when taken along any 
other curve C corresponding to a function B 

Y(x) (?1) not identical with y(x). a y> 
We will assume, then, that such a 

field exists and, for simplicity, that all I j \ 
the extremals +(x, y) go through a point 
A', (x4, yo ), on the extremal C produced, Fig.8. 

where x4 < x0, but lies arbitrarily near to x0.* Let P, (x2, Y2), be any 
point of the curve C and s the length of the arc AP of C. Denote the total 

*Weierstrass considered in his lectures the case of a field In which the extremals .k(x, 'y) 
all pass through the point (xO, yo). The notion of the auxiliary point (x4, yf) Is due to Kneser 
(1. c., p. 59). Its Introduction in the presentation of Welerstrass's proof simplifies the details 
of that proof without altering its substance. 

8B 
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length of a by 1. Draw the extremal y = cf(x, ty2) connecting A' and P. 
Consider the integrals: 

= fF(x, y, y')dx taken along y = O(X, 72), 

A= (w Y, Y')dx taken along C. 

The sum of these integrals is a function of s. Denote it byf(s): 

f(s) = o2+ 721- 

Observe thatf(l) = I' + J, the value of I taken along C from (x0, y0) to 
(i, yl) ; f(O) =1 + J, the value of Itaken along C from (40', y0) to (x0, yo) 
and then along a from (x0, yo) to (x1, yi); so that 

f(l) -f(O) = - (J- J). 
LEMMA. Thefunctianf(s) is a continuousfunction of s in the interval 

o ; s ; I and it has a derivative that is never positive and is sometimes nega- 
tive, provided that the function 

is positive at every point (x, y) of C when to the third argument p a n arbitrary 
value is assigned. 

From this theorem it follows thatf(s) is a monotonic function that actu- 
ally decreases in parts of the interval 0 ? s ; 1, and hence that 

A~l) < f(0), i. e. J< J. 
The foregoing conditions are thus seen to be sufficient for the existence of a 
minimum. 

Proof of the Lemma.* First, it is clear that 

d121 = F(X2, Y2M 
= _ cosa F(X2, Y29 M), 

where M denotes the slope of Cat P and a = tan-4M, - 2 < a < T. 

* Weierstrass obtains the derivative f (s) by computing directly the infinitesimal increment 
of the function in terms of the infinitesimal increment of 8 and evaluating the limit of the ratio. 
The analytic work is much longer, even when Weierstrass's parametric representation of z 
and y in terms of t is replaced by the unsymmetric form here employed, and appears to pos- 
sess no compensating advantages. 
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The integral 1o2 may be regarded as a function of the independent varia- 
bles (x2, y) and these in turn each as a function of s. Then 

d1O2 a I2 dx2 aI02 dy 
ds ax2 ds + y ds 

T2 = cosa-F(X2, Y2 in) , 

where m denotes the slope of C at P. 

The derivative a-9 can be obtained by differentiating under the sign of 

integration : 
102= ?x (F1 He + F1 c4)Y) (lt, 

and this integral can be transformed by an application of the method of inte- 
gration by parts similar to that employed in ? 1. The result is as follows: 

a 102X2 d 
-a Fy,(x2, Y2,rn)cz(x2, (F)1 -Y-y-dZby )cO.,dx 

The integral on the right hand side vanishes because y satisfies Lagrange'.s 
equation (2). 

To compute the derivative (y/dls, observe that, the equation 

Y= (x, Y) 
being solved for ry (cf. ? 2) 

7 = *(x, y), 
the partial derivatives As, *y are given by the formulas 

Of 1 
Ax =-+; ,*y= 

If now (X, Y) denote the coordinates of a variable point of (7, 

7X2 = *(Xi Y) 

and (172 =iX(X, Y) cos a + ?*(X, Y) sin a 

_-4(X2, Y2) cos a + sin a Mi-rn 
_y (z2, Y2) By (= cos a 

4-y(X2,~ Y2) sb-y(X2, Y/2) 

* Picard, 1. c. The differentiation of I2 may also be performed by the formula established 
by Picard on p. 31. 
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Collecting the results we have the following formulas: 

dro2 = cos a [F(X2, Y2' m) + (MA-n) Fly (X2, Y2' m)], ds 
f'(s) --s, 

where 
&S = cos a I F(x2, Y21 M) - F(X2, Y2 M) -(MW- m)Fy.(X2, Y2e M) (7) 

=jcosa (M- m)2Fyy. (x2,y2,m+8(M-m)), 0<6<1. J 
Thus the existence of a derivative and with it the continuity of the func- 

tion f(s) has been established at all points of the interval 0 ? s ? 1. 
From the form of & it appears that f(s) can never be positive when 

F11.,. (x, y,p) satisfies the conditions of the lemma; but it can vanish when 
M- m = 0, i. e. when the extremal 4(x, 72) is tangent to Cy at P. Since C 
is arbitrary, it may coincide throughout parts of the interval with an extremal 
0(x, ty), and here M-mn will vanish. It remains to show that M- m cannot 
vanish throughout the entire interval unless (I coincides throughout with C. 
This follows at once from the equation 

de2 - Mc- o 
ds 0-y4(X2, 72) 

for if M- m _ O, then 7y2 is constant, and since only one extremal C can be 
drawn in S connecting A and B, 7y2 = eyo 

The method here set forth for a special field admits of extension to the 
general field of ?2 (cf. ??4, 5) and tha results may be summarized as fol- 
lows: 

WEIERSTRASS'S SUFFICIENT CONDITION FOR A MINIMUM. A sufficient 
condition that afinction y make the integral 

I1= f F(x, y ?/')dx 
a minimum is 

(1) that the points (xo, Yo), (xi, yj) can bejoined by an extremal C sat- 
isfying Conditions A; 

(2) that there exists afield about C in the sense of ?2; 
(3) that Fyv,, (x, y, p) be positive at all points of C, p being arhitrarq 
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in the case of a strong rninimitm, and equal to y' in the case of a wveak min- 
imum. 

ExavpiAe. The integral of the example of ? 1 is a minimum when the 
function y is an extremal. For, if the field designated at the close of ?2 is 
employed, Weierstrass's sufficient condition will be fulfilled. 

4. Proof of the Sufficient Condition for Any Field; Kneser's 
Transversal. Let it be assumed that A1 < xo (? 1, beginning) and that the 
field extends beyond the line x = xo, the region T being now enlarged slightly 
to a region T': 

XI, TI: XO = = _ l, yo I _C Y _ 70 + AC 

where A, < xo < x0, but where x0 may be chosen arbitrarily near to x0. 
Through the point A pass an arbitrary curve G not tangent to C and 

having a continuously turning tangent. Let the coordinates of a variable point 
Q of G be (i, 7). Then, as is readily shown, and t are both continuous 

B 

8' 

Fig. 9. 
functions of ey having continuous derivatives with regard to ey, and these 
derivatives do not vanish simultaneously in the neighborhood of the point A. 
For 

day ('/)d,>J y~t^) (8) 
and OY(xo, eyo) X O. 

Xs~~~~~X 
fLntin ofe pohaings continuous deoinedatvs withr reganarditoarycandethese 

and o, 7=) / (x, y, y0) . taken alona the extremal y (x, y). 

Let thIonsAadBbjie Dsbfoeb nabtaycreCst 
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Then f() =I02 + 1a2 

d.102 d121 
f(s) d8 + ds' 

Cd.T2, F (xs, Y2, M) cos a, d12 

dI? E d a2 Io, dJ div2 2(F k ) 
ds ;-, s a@ds 5 Tsv af d d g + 

=F(x2, Y2, m) Cos a - d/' [F ( , j), dh) + ( n, rn) (fr (t, i)] =y r 

+ -d-8s F(x2, y.2, in) 0.Y(x4 72) 

where 'h = )'(t,y), the residual integral vanishing as in ?3. We thus obtain 
the formula 

f(s) = cos a [F(X2, Y2, M) - F(x2, Y2, rn) - (M'- m) F., (x2, y2 m)] 

_d72 [F( n n ) d ) + Fy, (, n, nj) 0, (( iv)] 

This formula differs from the corresponding one ot ?3, f'(s) =_- ', only 
by the presence of the second line. The curve G is still arbitrary; and now 
it is Kneser's* idea so to determine G that this line will drop out: 

F(t, 71 nj) d + Fy-,( , n ) 0,(st y) = 0 (9) 

This will always be possible provided F (x0, yo, yo-) 0. t Thus t is defined 

* 1. c. ch. 3. The further course of Kneser's proof follows, however, different lines from 
those of this article, which are in substance Weierstrass's. Kneser treats the whole problem 
of making the integral I a minimum as a generalization of the problem of the shortest lines on 
a curved surface. 

t If F (xO, yo, y?) = 0 we may consider the function F (x, y, y') = F (x, y, y') + 1. Then 

Irxl _ rx, ] F(x, y, y')dx =] F(x, y, yv)dx + (xl- x). 

The functions F, F have the same extremals and evidently a function y that makes one a mini- 
mum makes the other a minimum too. But F (xo, Yn, Yo) :A 0, and the proof of the text applies 
to it. Hence even when F (xO, yO, ytf) = 0, y makes I a minimum. 
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by (9) as a function of A, single valued and continuous and having a con- 
tinuous derivative in the neighborhood of the point 7y = yo,* and ,j = 4(, y). 
The curve is transverse (? 1) to the extremals 4 (x, ry) for from (8) and (9) 
follows that 

n fli) - , Fy(4, a, ql)] d4 + Fd= Y dry~~ FY., 
d 

= 0 

With the modification, then, that the integral 12 is to be taken from the 
lower limit t just determined as a function of 7, instead of from the point 
(4, ye) of ?3, the reasoning of that section applies word for word to the pres- 
ent case. and thus Weierstrass's sufficient condition is established for any field. 

Hitherto we have confined ourselves to the case of fixed limits of integration. Kneser's 
method of proof enables us at once to extend the sufficient condition to the case of variable 
limits and enunciate the 

THEOREM. A sufficient condition in the case of variable limits of integration that the extremal 
C make the integral I a minimum is that (the necessary conditions that C cut ro, ri transversely 
being fulfilled) it be possible to surround C by a field of extremals in the sense of ?2 and that each 
of the extremals of this field cut the curve ro (?1) transversely; and finally that the function F,,J,' 
be positive tn B. 

In ?2 the field was bounded by the right lines x = x, and x = xi. Here, those lines are re 
placed by the curves ro, ri. 

5. Hilbert's Proof of the Sufficient Conditions by Means of 
an Invariant Integral. It not infrequently happens that a problem in 
physics can be solved independently by the methods of the differential calculus 
and by those of the integral calculus. Thus the pressure P of a fluid, acted on 
only by the force of gravity, on an immersed vertical plane area can be ob- 
tained by determining dP/dx as a function of x, the depth, and then solving 
the corresponding differential equation; or P can be expressed as the limit of 
the sum of the partial pressures AP on horizontal strips of the area of infini- 
tesimal breadth. Or, again, the condition for a steady flow of heat in a homo- 
geneous solid-Laplace's equation-can be obtained by considering the amount 
of heat that flows into an infinitesimal element of the body and making the 
linear dimensions of this element converge toward zero; or Green's theorem 
can be applied to an arbitrary portion of the body, which is not ultimately made 
infinitesimal. t 

* For the existence theorem for an ordinary differential equation, of which use is here 
made, cf. for example Picard, Traite d'Analyse, vol. 2, ch. 11, in particular, ?7. 

tA recent Illustration of these two methods was afforded by the two proofs of Goursat's 
lemma for Cauchy's Integral Theorem, the proof that Goursat gave (cf. Transactions of the 
Amer. Math. Soc, vol. 1 (1900), p. 14), corresponding to the Integral method, while Moore's 
proof (ibid., p. 499) corresponds to the differential method. 
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Weierstrass's method of establishing his sufficient condition was a method 
of the differential calculus. Hilbert's method,* which we now proceed to 
consider, is a method of the integral calculus. The problem is (cf. ?3) to 
show that the value J of the integral Itaken along the extremal Q is less than 
its value Jtaken along an arbitrary curve C lying in the neighborhood of C. 
Hilbert proposes to himself this question: Is itpossible to determine an integral: 

c m(x, Y, Y')dx (10) 
in sucha a manner 

(a) that its valie shall be invariant of the curve C, i. e. of the function 
Y(x) which is merely required to satisfy Conditions A and lo lie 
in the neighborhood of C; 

(b) that, when a coincides with C, i. e. Y(x) = c6 (x, yo), the value 
of this integral shall reduce to the value of I taken along C, i. e. 
to J. 

Suppose such an integral has once been obtained. Its value is then J. 
And now the point of Hilbert's whole method is this. The difference, J -J 
which for a minimum must be a positive quantity (necessary and sufficient 
condition, ?3) can be written in the form 

j- J JIF(x Y, YI')- ( (x, Y, Y') Idx, (11) 

and hence a sufficient condition for a minimum is that the integrand 

F(x,Y,Y')- F(x,Y,Y') 

be positive in parts of the interval, and nowhere negative, for all curves Cy not 
coincident throughout with C. It turns out that, in case a field about the ex- 
tremal C exists, the function D can be so chosen that this integrand becomes, 
save as to a positive factor, the Weierstrassian function 8. 

We proceed now to develop the details of Hilbert's analysis, and begin 
by citing, for the purposes of a lemma, a well known theorem of the calculus 
of variations. 

* Hilbert set forth his method In a course of lectures held at Gdttingen in the summer se- 
mester of 1900; cf. the report on these lectures published in the Bericht de8 fathematischen 
Vereins, Gottingen, S. - S., 1900, p. 10. 



CALCULUS OF VARIATIONS. 123 

LEMMA.* Tie necessary and sufficient condition that the value of the in- 
tegral 

X s (x, y, y) dx. 

where 4D is subject to the same conditions as the function F, ? 1, be independent 
of the path y, which is required merely to satisfy Conditions A and, besides, 
have aflnite and continuous second derivative in the interval x0 < z < xl,t is 
that 4) satisfy the functional equation 

?3Z-d 4BY'=0 (12) dx 

for allfunction8 y of the above class. 
This equation is, in form, identical with Lagrange's equation (2). But 

there, F was given and y was required to satisfy the equation; here, y is as- 
sumed at pleasure and D is required to satisfy the equation. 

The special case of the theorem that D = -P + y' Q, where P, Q are func- 
tions of only (x, y), the integral then reducing to 

(XI, Vi) 

fPdx + Q dy, 

is a familiar one. Equation (12) then becomes 

ap aQ 
Ty ax 

The application that Hilbert makes of the lemma is as follows. He takes 
as 4 the function 

b(x, y, y') = F(x, y,.p) + (y' - p)F.(x, y,,p) (13) 

where p denotes an arbitrary function of (x, y) having continuous first partial 
derivatives, pxg psy at all points of the field, and then requires thatp shall be so 
restricted that 4 will satisfy (12). Here, 

by = Fy + Fppy + (y' -p) (Fy1, + Fpppy) -Fppy 
d?,. = dF= Fxp J Fap y+ + Fpp(px + yY) 9 

dx-dx 
* A proof of this lemma is given at the close of the present section. 

t This further requirement of the existence of a second derivative must in general be made 
for the sufficient condition in order that (12) may have a meaning. But when 4 is a linear 
function of y', as in the case considered by Hilbert, the requirement is always fulfilled. 
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and the condition forp is found to be :' 

F - F., -p Fgyp- F,, (lo + ppv,) = ?? 14 Fr (14) 

This last condition can always be satisfied when a field exists by choosing 
forp the function: 

p = '(x, y), y = (x, ). (15) 

In fact, (14) then reduces to Lagrange's equation(2); for 

- + + a'Y Ai, 1 = he a'Yw 
0O f t+ya/ OY rX1ay; 

and so 
.Px +1Sp.y = 0". 

Replacing now, in the expression for 4), (13), y by Yand p by y' = 
f'(x, y), where Y= b(x, y), equation (11) becomes the following (cf. (7)): 

J- J= J XF(x, Y, Y') - F(x, Y, y') - (Y' - y') Fy (xY. y') dx 

=f>}')' see a dx= ' ds, (16) 

where ds denotes an element of the curve C. 
Proof of the Lemma. (a) The condition is necessary. For let Y, y be any two of the 

functions, and let Y= y + -. Form the function 

.((a) = 14} (x' y + ace, yl + a-ol)- 4 (Xs y, yt) I dx. 

Since y + ax, a being a constant, is also one of the functions considered, f (a) = 0 and hence 

fl(a) = 4 y(x, y + al, y' + all) +7i'4 y.(x, y + al, y, + all) I d 

also vanishes. From the equation obtained by putting a = 0: 

* This condition is obtained by Hilbert in the form (cf. Bericht des Math. Vereins, 1. c.) 

G'Fp aF a 
ax a-y +a pp 

where the partial differentiations indicated by the sign o are performed on the supposition that 
(x, y) are the independent variables. 
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f fPV(X, Yy ') + I'IY(X, y, y') Idx O 

equation (12) can be deduced by the method set forth in Mr. Whittemore's paper (1. c.). Hence 
the condition Is necessary. 

(b) Conversely, the condition is sufficient. Again, let 1, y be any two of the functions 
and form the function f (a) and its derivative f'(a). The Integral that expresses this latter 
function can be transformed by integration by parts, as in ?1, so that 

f'(a) XI 4y(x, y + an y' + a-')dx 
- 

y (x, Y + an, y' + an') ( dx. 

Hence f '(a) _ 0 and (12) is a sufficient condition. 

6. Extension of Hilbert's Nethod to Double Integrals; the 
Function S. The problem with which this paper opens can be extended 
immediately to double integrals. Let ? be a region of the (x, y) - plane 
bounded by a closed curve ( which has a continuously turning tangent, and 
let an arbitrary set of boundary values I be given along (S, these values to form 
a continuous function of the arc of z and to admit a continuous derivative with 
regard to this arc. Consider the integral 

I= JJF(x, y, z, p, q) dxdy Fp I q = ai (17) 

extended over i, z being a continuous function of (x, y) throughout Z inclu- 
sive of the boundary and assuming on the boundary the values b. Con- 
cerning the continuity of F and its derivatives of the first and second orders 
throughout a region A, a similar assumption to that of ? 1 is made, while z is 
required to have partial derivatives of the first and second* orders continuous 
and finite within Z. 

The problem is to show that there exists among these functions z one 
which makes I a minimum. 

The problem may be stated geometrically as follows: On the elements of 
the cylinder whose generatrix is the curve (E and whose elements are parallel 
to the z-axis, lay off the boundary values. Thus a tortuous curve c is gen- 
erated. And now it is required to span a surface into c which shall make the 
integral Ia minimum. 

First, necessary conditions are established. Assume the problem solved 

* The assumption of the existence of second partial derivatives has not, so far as I know, 
as yet been shown to b)e superfluous in the case of the double integral. 
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and let z be the solution. Let Z = z + ? be any varied surface, r the vari- 
ation of z. Then it is shown that the relation 

JJ~I ?2; + 7rFp + cF dxdy = (r= ,K =a) 

must hold, no matter what variation O be chosen. The assumption of the 
existence of second partial derivatives of z is employed in the next step, which 
consists in transforming this integral by the method of integration by parts 
(as in ? 1, end), in order to obtain Lagrange's Equation: 

aFp aFq = A 
ax ay 

or Fz -Fp -Fyq -Fzp -z -Fz9 BZ (18) 

/ a2 z a2Z a2 
- Fpp + 2Fpq ay + Fq q f) -O J 

It is further shown that, in the case of a minimum, the expression 
F q FppFqq : O 

at every point of the surface z, (Legendre's Condition). We will assume that 
F2q FppFqq <0 (19) 

at all points of R. 
Suppose, now, that we have succeeded in showing that a function z exists, 

fulfilling the conditions of continuity specified above, taking on the prescribed 
boundary values, and satisfying Lagrange's equation throughout Z. This 
function is the extremal C. What more is requisite in order that this func- 
tion may make I a minimum? It turns out that Weierstrass's sufficient con- 
dition of ?3 can be extended to this case immediately. First, then, we shall 
require the existence of afield about the extremal C. We assume: 

(1) that atfhnction 4(x, y, ey) exists which, together with its partial de- 
rivatives 4,,, Os, 4y 4,Y , 4vY, is a continuous function of the three in- 
dependent vartables (x, y, ry) in the domain 
T: (x, y), a point of Z, inCIlusive of (; ryo - c y ryo + K, 

where Ic is a positive constant; and that, for a con7stant value of ey, 

+(x, y, ry) is an extremal, which for the special value ry = eyo coin- 
cides with C; 

(2) that Oy(x, y, eyo) ? 0 when (x, y) lies in Z or on C. 
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In order to obtain the Weierstrassian function &, we apply Hilbert's 
method. First comes the 

LEMMA. The necessary and sufficient condition that the value of the integral 

Jfr(x, y, z, p, q)dx dy 

be independent of the surface z is that 

(Dz_ a(DP _ aaq = 0 (20) ax ay~ 
Here, all surfaces considered are spanned into the same tortuous curve c, and 
4? and z are subjected to the same conditions of continuity as F and z above. 
The differentiations indicated by the round a areperformed on the supposition 
that (x, y) are the independent variables. 

Next, a function 1 is chosen corresponding to (13): 

P(x, y, z, p, q) = F(x, y, z, p, q) + (p - p) F-(x, y, z, p, q) (21) 
+ (q - q) F,(x, y, X, p, q) 

where p, q denote arbitrary functions of (x, y, z) having continuous first par- 
tial derivatives; and then it is required that p, q be so restricted that 4 will 
satisfy (20). It is found that the relation must hold: 

F- [Fxp + p ep + (Px + P P)Fpp ? ( qx + V'qz)Ppq] (22) 
- [Fyq + qFzq + (py + qPz)Fpq + (qy + qqz)Fqq = 0 

This condition is always satisfied when a field exists and for p, q the func- 
tions: 

=fX((x, Y, ), q= (x'Y, y), Z =cf)(XY, '7) 

are chosen. In fact, (22) then reduces to Lagrange's equation (18), written 
for z = Of. 

Replacing now in the expression for 1, (21), zp, q, 4, q by Z,P, Q, OxSY 
respectively, and forming the integral J- J, whose integrand is the difference: 

F(x, y, Z, P, Q) - (x, y, Z, P, Q), 

we have, in this difference, the Weierstrassian function l, save as to a posi- 
tive factor, a = cos a, where a denotes the acute angle that the normal to C 
at (x, y, Z) makes with the z-axis: 
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& = a)F(x,y, Z,P, Q) - F(xy, Z, Ox, 01) - (P- fo)}p(x, ?JZ9fy) 
_ ( Q - OV ) Fq(X9 Y9 Z9 Ox Os V) 1 

= a[Fpp (0) (P + 2fpq () (P-x) ( Q - Of,) + Fqq (0)(Q4+)2] 
(23) 

Here, y(x, y), k (x, y, ry) are regarded as functions of (x, y, Z) t Ybeing 
determined by the relation 

Z = 4(x, y y7), 

and the expressions p'p(O), Fpq(0), Fqq(O) denote that the corresponding 
functions Fpp, etc., are formed for the argunments (x, y, Z, Ox + [P - x], 
4j'+0[Q-OP1])9 0<0<1. 

Since the relation 
Fj2q FppFqq < 0 

holds at all points of TD, the quadratic formn in the last expression for 6' is a def- 
inite form, and hence, if Fjp > 0 (and consequently Fqq also > 0), the integral 

1-J = JJ& sec a dxdy = JJSdS 

X 

'where d1S denotes an element of the surface U, will always have a positive 
value except when 

Pe- O = 0, Q- O = 0, at all points of Z. 

Since a field exists, it can be shown as in the earlier case that these equations 
are satisfied only when C and a coincide throughout. 

Application. Minimum Su&faces. The problem is to span into a closed 
tortuous curve r a surface whose area shall be less than the area of any other 
such surface. 

Suppose that the curve r has a continuously turning tangent, and that 
some of the surfaces spanned into r are such that, M being a properly chosen 
plane, an arbitrary nornmal to A! meets the surface (inclusive of the boundary) 
in at most one point, and is not tangent to the surface at this point. Choose 
31 as the (x, y) plane of a systemn of rectangular coordinates, (x, y, z). 
Then the area of the surface is given by the integral 

Jf ? \! 1 p ,2 + q2 (,,y 
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and this integral is to be made a minimum. Lagrange's equation is as follows: 
a2z a2Z 2 a2Z 

(1 + q2) 2p + (l +p2) - = . (24) 

Thus if, of all the surfaces that can be spanned into r, which have at all 
interior points partial derivatives of the first and second order satisfying the 
conditions imposed on z at the beginning of this paragraph, there exists one 
which has a smaller area than any other, it must at all interior points satisfy 
(24). Conversely, this condition is sufficient. For, let the equation of this 
extremal, C, be 

z =f(x Y). 

Then a field exists about C extending indefinitely in both directions. As 
function fv we may choose the following. 

+(X, y,97) =f(xy) +7, 7o = O, X < 7 < X. 
The area of C is not merely less than that of other surfaces of the class 

considered lying in a restricted neighborhood of C, but it is less than the area 
of any such surface. 

From this example we may generalize and say: Lagrange's condition 
(18), combined with the conditions 

2 - FpF < 0, Fpp > O.9 ap-PF qq<O 
is a sufficient condition for a minimum whenever the integrand F does not con- 
tain z explicitly. 

HARVARD UNIVERSITY, 
CAMBRIDGE, MASSACHUSETTS. 
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